This paper considers the protein structure prediction problem for lattice and o -lattice protein folding models that explicitly represent side chains. Lattice models of proteins have proven extremely useful tools for reasoning about protein folding in unrestricted continuous space through analogy. This paper provides the rst illustration of how rigorous algorithmic analyses of lattice models can lead to rigorous algorithmic analyses of o -lattice models. We consider two side chain models: a lattice model that generalizes the HP model (Dill 85) to explicitly represent side chains on the cubic lattice, and a new o -lattice model, the HP Tangent Spheres Side Chain model (HP-TSSC), that generalizes this model further by representing the backbone and side chains of proteins with tangent spheres. We describe algorithms with mathematically guaranteed error bounds for both of these models. In particular, we describe a linear time performance guaranteed approximation algorithm for the HP side chain model that constructs conformations whose energy is better than 86% of optimal in a face centered cubic lattice, and we demonstrate how this provides a 70% performance guarantee for the HP-TSSC model. This is the rst algorithm in the literature for o -lattice protein structure prediction that has a rigorous performance guarantee. Our analysis of the HP-TSSC model builds o of the work of Dan c ik and Hannenhalli who have developed an approximation algorithm for the HP model on the hexagonal close packed lattice. Further, our analysis provides a mathematical methodology for transferring performance guarantees on lattices to o -lattice models. These results partially answer the open question of Karplus et al. (1994) concerning the complexity of protein folding models that include side chains.
Introduction
Lattice models of proteins have proven extremely useful tools for reasoning about protein folding in unrestricted continuous space through analogy 6]. Lattice models sacrice atomic detail to extract essential principles, make predictions, and to unify our understanding of many di erent properties of proteins. One of the important approximations made by lattices is the discretization of the space of conformations. While this discretization precludes a completely accurate model of protein structures, it preserves important features of the problem of protein structure prediction, like the di culty of the related search problem. Consequently, methods that predict the structure of proteins for lattice models provide insight into the exact structure of proteins.
One common way to discretize the structure of proteins is to model the protein as a linear chain of beads in which each bead represents an amino acid. An example of this type of model is the hydrophobic-hydrophilic model (HP model) 11]. This model abstracts the hydrophobic interaction in protein folding by labeling the beads as hydrophobic (nonpolar) or hydrophilic (polar). Although a wide variety of methods have been proposed for predicting the structure of proteins in linear chain lattice models 6], none of these methods can guarantee that they can e ciently predict the native structure (which has the lowest free energy) for all proteins.
Ngo, Marks and Karplus 12] argue that an interesting approach to protein structure prediction is the development of performance guaranteed approximation algorithms. Approximation algorithms might be of signi cant practial use if they can be used to generate crude structures that are further re ned with other techniques. We 8, 9] have recently described approximation algorithms for a variety of linear lattice models that have performance guarantees, including the linear HP model studied by Dill and his colleagues. In related work, Agarwala et al 1] have demonstrated that performance guarantees of approximately 60% can be acheived for the HP model on the hexagonal close packed lattice. This paper describes approximation algorithms for HP lattice and o -lattice protein models that explicitly represent side chains. The lattice model we analyze represents the conformation of a protein using a subclass of branched polymers called \branched combs." This model was proposed by Bromberg and Dill 3] , who argue that linear lattice models fail to capture properties of protein folding such as side chain packing that a ect the stability of the native protein structure. The HP side chain model that we consider treats the backbone of the protein as a linear chain of beads. Connected to each bead on the backbone is a bead that represents an amino acid, and each of these beads is labeled hydrophobic or hydrophilic. The o -lattice model generalizes the lattice model by representing the backbone and amino acids as tangent spheres.
The algorithms we describe generate structures that approximate the native folded state by creating compact, low energy structures that are near-optimal. Furthermore, these algorithms compute these structures in a number of computational steps that is linear in the length of the sequence. We describe approximation algorithms for the 2D and 3D cubic lattices as well as the face centered cubic (FCC) lattice. We also describe how any performance guaranteed algorithm for the FCC lattice can be used to provide performance guarnatees for o -lattice models of protein folding.
Preliminaries 2.1 The HP Side Chain Model
The protein folding model analyzed in this paper is a hydrophilic-hydrophobic model (HP model). HP models abstract the hydrophobic interaction process in protein folding by reducing a protein to a heteropolymer that represents a predetermined pattern of hydrophobicity in the protein; nonpolar amino acids are classi ed as hydrophobic and polar amino acids are classi ed as hydrophilic. A sequence is s 2 f0; 1g + , where 1 represents a hydrophobic amino acid and 0 represents a hydrophilic amino acids. A HP model on 2D and 3D cubic lattices was proposed by Dill 5] . In this model, the protein is represented by a self-avoiding path on the cubic lattice, where each vertex on the path represents an amino acid. This is one of the most studied lattice models, and despite its simplicity the model is powerful enough to capture a variety of properties of actual proteins 6].
We consider a HP model that uses the model studied by Bromberg and Dill 3] to explicitly represent side chains. In this model, a conformation C of a protein sequence s in a lattice L is an embedding of a catepillar graph where vertices are mapped one-to-one to lattice points, and protein bonds are mapped to the corresponding lattice edges (see Figure 1a) . The legs of the catepillar graph represent amino acids, and they are labeled either hydrophobic or hydrophilic. The spine of the graph is labeled as the backbone of the protein. The energy of a conformation of the protein sequence s in L is de ned as the sum of the energies of the hydrophobic-hydrophobic contacts, each of which contributes ?1 to the total energy. A contact is de ned as an edge between two amino acids in the embedded catepillar graph.
The HP Tangent Sphere Models
We introduce new o -lattice models that provide an olattice analogue to the HP model and the HP side chain model. In these models, the graph that represents the protein is is transformed to a set of tangent spheres of equal radius. Every vertex in the graph is replaced by a sphere, and edges in the graph are translated to constraints that force spheres to be tangent in a conformation (see Figure 1b) . Spheres are labeled hydrophobic or hydrophilic, and contact between hydrophobic amino acids is when the spheres for these amino acids are in contact. 
Computational Complexity
According to the Thermodynamic Hypothesis the native conformation of a protein is the conformation with the minimum energy among the set of all conformations. Thus we algorithmicaly formulate the problem of predicting the native conformation as nding an e cient algorithm that computes the native conformation of a sequence s in a lattice L. A protein folding algorithm is e cient if for every sequence it determines the native conformation in polynomially many steps in the length of the sequence.
It is unknown whether any well studied protein structure prediction problem can be solved e ciently, including the HP side chain model. Atkins, Hart and Istrail 2, 10] have recently shown that a broad class of protein structure prediction problems are NP-complete, which means that they are practically intractable 7] . Although they consider is a broad class of side chain models, their results are not immediately applicable to the HP side chain model. This paper presents performance guaranteed approximation algorithms for the HP side chain model. Two standard types of performance guarantees are 7]: the absolute performance ratio and the asymptotic performance ratio. Let ZL(s) be the energy of the conformation generated for protein instance s on lattice L with by algorithm ZL, and let The asymptotic performance ratio R 1 (ZL) is given by
If R(ZL) = for a xed constant , then the value of solutions generated by algorithm ZL are within a factor of of the optimum. If R 1 (ZL) = , then as ZL is applied to larger protein instances, the value of solutions generated by ZL approaches a factor of of the optimum.
Here, \large" protein instances have low conformational energy at their native state, which may be independent of their length. Since ZL(s) 0 and OP TL(s) 0, both of these ratios are scaled between 0 and 1 such that a ratio closer to 1 indicates better performance.
The HP Side Chain Model on Cubic Lattices
This section describes performance guaranteed approximation algorithms for the HP side chain model on the 2D and 3D cubic lattices. We begin by describing bounds on the optimum for these models. Following Hart and Istrail 8], we decompose a protein sequence into a series of x-and yblocks, x1y1x2 : : : xnyn (see Appendix A for further details). Within each block, hydrophobic amino acids are seperated by an odd number of hydrophilic amino acids, and between blocks there are an even number of hydrophilic amino acids. For a protein sequence, Nx(s) is the number of hydrophobics in x-blocks and Ny is the number of hydrophobics in y-blocks. We say that X = Nx(s) and Y = Ny(s) and assume that the labeling of blocks guarantees that X Y .
Let OP T2D(s) be the value of the optimal conformation of s in the 2D model, and let OP T3D(s) be the value of the optimal conformation of s in the 3D model. In the 2D model, every 1 in each x-block can be a topological neighbor of at most three other 1s, so OP T2D(s) ?3X. In the 3D model, every 1 in each x-block can be a topological neighbor of at most ve other 1s, so OP T3D(s) ?5X.
Approximation Algorithms
We begin by describing Algorithm A, an approximation algorithm for the 2D HP side chain model. Algorithm A selects a single folding point (turning point) that divides a protein instance into subsequences B 0 and B 00 , such that Ny(B 0 ) is balanced with Nx(B 00 ). The conformation for these two halves of the protein sequence are constructed such that the y hydrophobics in B 0 and the x hydrophobics in B 00 are con gured face-to-face to form a hydrophobic core.
The folding point is selected using \Subroutine 1" from Hart and Istrail 8]. Subroutine 1 selects a folding point that balances the hydrophobicity between the x-blocks and y-blocks on each half of the folding point. The following lemma describes the key property of the folding point that is selected.
Lemma 1 ( 8] Figure 2 illustrates the conformations generated by Algorithm A for di erent types of folding points. Decomposition into x-and y-blocks requires a single pass through the protein instance. Subroutine 1 requires a single pass through the sequence of blocks, which is no longer than the length of the protein instance. The following proposition presents the asymptotic and absolute performance ratios for Algorithm B. Proposition 2 R 1 B = 4=10 and 4=10 RB 1=12.
Related Results
Embedded Algorithms for the 3D HP side chain model Conformations for the 2D HP side chain model can be trivially embedded in 3D to generate conformations for the 3D HP side chain model. Similarly, a conformation from the 2D HP model can be used to construct a conformation in the 3D HP side chain model as follows: (1) embed the conformation on any 2D plane, (2) create side chains for each monomer, all of which are placed on the same adjacent planes, and (3) label the side chains with the hydrophobicities of their corresponding backbone monomers, and unlabel the backbone monomers. It is possible to show that performance guaranteed approximation algorithms for the 2D HP model and the 2D HP side chain model can be used to provide performance guarantees for the 3D HP side chain model. Variable Length Side Chains A natural extension of the side chain model that we have considered is to include notions of volume into the side chain formulation. One way of doing this would be to model the volume of a side chain by varying the length of the legs of the catepillar graph. All of the vertices in the legs are labeled hydrophobic or hydrophilic, but not necessarily uniformly within a given leg. If we assume that this chain has a bounded length, , then a simple modi cation of Algorithm A leads to a performance guarantee in terms of 1= . The blocks in this modi ed algorithm are based on the amino acid vertices adjacent to the protien's backbone. The structures for B 0 and B 00 are expanded to allow side chains of up to length to t into each \zero loop" to either side of the hydrophobic core, and the side chains within the core turn immediately to form hydrophobic contacts. The analysis of this algorithm gives a performance guarantee of 1 12 . Following arguments similar to those mentioned in the previous paragraph, this algorithm also provides a performance guarantee for the 3D HP side chain model. Consecutive hydrophobics in Bi are in contact within this column. These eight columns are con gured to form a 2 4 solid hydrophobic core that contains no hydrophilics (see Figures 7 and 9 ). To form these columns of hydrophobics, we con gure the loops of hydrophobics such that they never intersect. Figure 7 illustrates the con guration of these loops for half of the conformation (the other half can be constructed symmetrically). Note that the structure of the loops di ers for each of the four columns. Figure 8 illustrates the structure of the each of the columns for hydrophilic loops of all lengths (these structures can be extended in a regular fashion for loops of length six or more). The structure shown in Figure 10 illustrates how a single layer of the columns is con gured. Each column is constructed by forming loops of hydrophilics that lie within a single layer. The hydrophilic loops for subsequent hydrophobics are disjoint because each hydrophobic along a column utilizes a disjoint layer to form its loop (see Figure 11 . A trivial bound of OP T (s) ?11N(s)=2 is easy to establish by noting that each hydrophobic side chain can make at most 11 hydrophobic contacts, each of which must be shared. We can improve this bound by observing that there are four contact points with a side chain that also form contacts with the backbone at the side chain. The implies that each hydrophobic side chain forces four con icts 4]. If a contact point is empty or contains a backbone or hydrophilic, then the current side chain does not make 11 contacts. If the contact point contains a hydrophobic then that hydrophobic side chain cannot make 11 contacts. This observation can be used to prove the following lemma.
Lemma 5 OP T (s) ?9N(s)=2. Proof. (Sketch) Consider a hydrophobic side chain. The hydrophobic on this side chain can make at most 11 hydrophobic contacts. Four of points where the side chain makes a contact have the property that they also form a contact with the backbone to the hydrophobic side chain. These points are so called \con icts." If a hydrophobic is at a con ict point, then although it forms a contact with the side chain, it also loses a possible contact through its contact with the backbone. If, however, a nonhydrophobic is at a contact point, then the hydrophobic side chain loses a possible contact. Thus each of these con icts removes a single hydrophobic contact from the set of all possible hydrophobic contacts. Since a con ict can be \shared" between two To analyze the performance of the o -lattice tangent spheres side chain model, we begin by deriving lower bounds on the number of possible contacts that each hydrophobic side chain can make. It is well-know that for a set of identical spheres in 3D the maximum number of spheres that can be tangent to a single xed sphere is 12. This is the so called the kissing number. From this we can conclude that a hydrophobic side chain can be tangent to only 11 other hydrophobic side chain, since one position is taken by the backbone sphere connected to it. As contacts are binary (between two spheres), each side chain can contribute at most 11/2 contacts by reasoning abstractly in the worst case.
The tangent spheres side chain model generalizes the HP model in the sense that for any lattice a conformation in that lattice represents a possible o -lattice conformation. To provide a performance guarantee for the o -lattice, we apply Algorithm C to generate a conformation on the FCC lattice, which is guaranteed to have an energy of no more than ?31N(s)=8+69. Using the lower bound of ?11N(s)=2 on the value of the optimum, it follows that Algorithm C provides an asymptotic performance ratio of 31=44 > 70%.
Our analysis of the lower bound is actually quite optimistic. We conjecture that a stronger analysis can improve the performance guarantee to over 77% of optimal. This conjecture is based on our belief that if an amino acid has 11 contacts then there is at least one contact that is sufciently close to the backbone of the side chain to form a \con ict" that prevents that sphere from making 11 contacts itself. If this is true then each side chain contributes at most 5 contacts, thereby giving the stated performance guarantee. Furthermore, we suspect that the notion of a con ict can be extended in this fashion to provide even stronger performance guarantees. 
